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We observe that the would-be running coupling on the lattice defined by means of the gradient-flow
method in order to identify the conformal window of QCD is not renormalization-group invariant
(RGI). Indeed, we show that the would-be running coupling, g2wb(t)∝ t2〈E(t)〉, – with 〈E(t)〉 the
expectation value of the Lagrangian density, TrG2, smeared on a radius
√
t by means of the gra-
dient flow – has an anomalous dimension associated to the multiplicative renormalization factor of
t2〈E(t)〉. As a consequence, at a nontrivial infrared (IR) fixed point with nonvanishing anomalous
dimension, γ∗, in the conformal window, the would-be running coupling vanishes asymptotically as
g2wb(t)∝ t2〈E(t)〉∼ t−γ∗/2 and does not scale as g2wb(t)∝ t2〈E(t)〉∼g∗2wb 6=0, with g∗wb the nonvanish-
ing would-be coupling at the nontrivial fixed point, as postulated in the literature. The associated
would-be beta function, βwb(g
2
wb(t)), is not proportional to a true RGI beta function, and it also
vanishes asymptotically in the IR as βwb ∼ γ∗g2wb(t) for nonvanishing γ∗ at the IR fixed point.
Moreover, βwb violates two-loop universality and may develop spurious zeroes both in the confined
phase and the conformal window, despite g2wb(t) is asymptotic to a true RGI running coupling in
a neighborhood of the asymptotically free fixed point. Our analysis allows us to reinterpret the
contradictory lattice results based on this method, specifically those for the Nf =12 theory, explain
the origin of their discrepancies and suggest a new strategy to discriminate between the confined
phase and the conformal window. In this respect, we disagree with a recent claim that attributes
the same contradictory results to staggered fermions being in the wrong universality class.
I. INTRODUCTION AND MAIN ARGUMENT
The authors of [1], see also [2, 3], report on the absence
of an infrared (IR) fixed point for QCD with twelve fla-
vors, thus concluding that Nf = 12 lies below the lower
edge, N cf , of the QCD conformal window. The authors of
[4, 5] reach instead the opposite conclusion for the same
theory with the same method. In [6, 7] this discrepancy
has been attributed to staggered fermions being in the
wrong universality class. The conclusion in [1] and [4, 5]
is based on a lattice study of the finite volume gradient
flow of the expectation value of the Lagrangian density,
denoted as 〈E(t)〉, and used to define the renormalized
gauge coupling as proposed in [8]. Specifically, the com-
posite operator E(t, x) is the Lagrangian density, TrG2,
evolved to “flow time” t>0 in Euclidean metric:
E(t, x) =
1
2
TrGµνGµν
Gµν(t, x) = ∂µBν − ∂νBµ + ig[Bµ, Bν ] , (1)
where Bµ(t, x) is the t-evolved gauge field solution of the
gradient-flow equation:
B˙µ = DνGνµ , (2)
with initial condition Bµ(t, x)|t=0 = Aµ(x), and Aµ(x)
the bare gauge field. The dot in Eq. (2) stands for the
derivative with respect to t and Dµ=∂µ+ ig[Bµ, · ]. The
flow time,
√
t, acts as the smearing radius for the gauge
field Bµ(t, x). Throughout this work we write quantities
in the canonical normalization of perturbation theory,
i.e., after the gauge field has been rescaled by the gauge
coupling.
In [9] it was shown that at one loop in perturbation
theory at infinite volume one has:
t2〈E(t)〉 ∼ 1 + β0g2(µ) log (8tµ2) = g
2
1l(t)
g2(µ)
, (3)
where β0 is the universal, i.e., renormalization-scheme
independent one-loop coefficient of the beta function
β(g) =−β0g3−β1g5 + O(g7), g1l(t) is the one-loop run-
ning coupling at the scale
√
t and, consistently with the
canonical normalization in Eq. (1), we divided out the
constant factor g2(µ) from Eq. (2.32) in [9].
Equation (3) implies that, after the standard one-loop
multiplicative renormalization of TrG2, t2〈E(t)〉 is one-
loop finite. The finiteness of all correlation functions of
multiplicatively renormalized operators at positive flow
time t has then been proved to all orders in perturbation
theory in [10]. In other words, the gradient flow does not
modify the renormalization properties of the theory.
Subsequently, the authors of [8] have suggested to
define a would-be nonperturbative running coupling,
gwb(t), by means of the renormalized operator t
2〈E(t)〉.
Consistently with Eq. (3), we write the definition in [8]
as follows:
g2(µ)t2〈E(t)〉 = g2wb(t)
3(N2 − 1)
128π2
, (4)
and we discuss its finite volume version in Sec. I C.
A. Main argument
Our main observation is that Eq. (4) defines a would-
be running coupling:
g2wb(t) ∝ g2(µ)t2〈E(t)〉 = g2(µ)G(g(t))Z(
√
tµ, g(µ)) (5)
2that not only depends on a renormalization-group invari-
ant (RGI) function, G, of a true RGI running coupling,
g(t), but also depends on the multiplicative renormal-
ization factor, Z, of t2〈E(t)〉, according to the solution
in Eq. (19) of the Callan-Symanzik equation derived in
Sec. IB.
A true running coupling, g(t) in Eq. (5), is defined by
the renormalization of QCD and, therefore, is RGI dif-
ferently from gwb(t), though, obviously, renormalization-
scheme dependent.
According to Eq. (5), the would-be beta function
βwb(g
2
wb(t))=−dg2wb(t)/d log
√
t reads:
βwb(g
2
wb(t)) = g
2
wb(t)
(
β(g(t))
d log G(g(t))
dg(t)
+ γ(g(t))
)
= g2wb(t)
{
β(g(t))
g(t)
(
g(t)
d logG(g(t))
dg(t)
− 1
)
+β′(g(t))
}
(6)
where β(g(t)) = −dg(t)/d log√t is a true beta function
for a true running coupling g(t). A true beta func-
tion β(g(t)) = −β0g(t)3−β1g(t)5 + O(g(t)7) is defined
by the renormalization of QCD and, therefore, it is a
RGI function of g(t) only, with renormalization-scheme
independent coefficients β0 and β1. We refer to the lat-
ter property as the two-loop universality of a true beta
function. As a consequence of the RG invariance of
a true beta function, in addition to the universal zero
of asymptotic freedom at vanishing coupling, β(g(t)) in
the conformal window has a renormalization-scheme de-
pendent zero whose existence is universal. In Eq. (6)
γ(g(t)) = −d logZ(√tµ, g(µ))/d log√t is the anomalous
dimension of t2〈E(t)〉 and, importantly:
γ(g) = g
∂
∂g
(
β(g)
g
)
= β′(g)− β(g)
g
, (7)
with β′ the derivative with respect to g, see e.g. [11, 12].
The would-be beta function, βwb in Eq. (6), depends
on the anomalous dimension, γ(g), in a way that spoils
its proportionality to a true beta function.
Most relevant is what happens at a true nontrivial IR
fixed point, which occurs at a necessarily nonvanishing
coupling, g∗, defined by a zero of a true beta function,
β(g∗) = 0, with anomalous dimension at the IR fixed
point given by:
γ∗ = β
′(g∗) > 0 , (8)
according to Eq. (7). As a true coupling, g(t), approaches
g∗, the Callan-Symanzik Eq. (18) in Sec. I B implies the
asymptotic conformal scaling:
g2wb(t) ∝ g2(µ)t2〈E(t)〉 ∼ t−γ∗/2 as t→∞ . (9)
Thus, g2wb(t) vanishes asymptotically in the IR for γ∗>0.
Intuitively, Eq. (9) can be understood by dimensional
reasoning due to the fact that t is the only scale in the
massless infinite volume theory. Correspondingly, Eq. (6)
implies the IR asymptotic scaling for βwb:
βwb(g
2
wb(t)) ∼ γ∗g2wb(t) ∼ γ∗t−γ∗/2 as t→∞ , (10)
which again vanishes asymptotically in the IR for γ∗>0.
Moreover, βwb is renormalization-scheme dependent
beyond one loop – since so is γ(g) – and thus violates
the two-loop universality of a true beta function. As
a consequence, βwb may develop spurious zeroes due
to renormalization-scheme dependent cancellations that
may occur between the two terms in Eq. (6) at finite t,
both in the confined phase and the conformal window.
In fact, a spurious zero must exist in presence of an IR
fixed point if γ∗>0, see Sec. IA 1.
These features have crucial consequences, further dis-
cussed in Sec. I A 1, if our aim is to discriminate between
the confined phase, Nf <N
c
f , and the conformal window
in the interval N cf 6 Nf < N
AF
f , where a nontrivial IR
fixed point of a true running coupling occurs.
Only in a neighborhood of the ultraviolet (UV) asymp-
totically free fixed point the would-be running coupling,
g2wb(t) in Eq. (4), is asymptotic to a true running cou-
pling, g2(t). In fact, as shown in Sec. I B, the ultraviolet
universal asymptotic behavior of g2wb(t) reads:
g2wb(t) ∝ g2(µ)t2〈E(t)〉 ∼ g2(µ)
(
g(t)
g(µ)
) γ0
β0
= g2(µ)
×
(
g(t)
g(µ)
)2
∼ 1
β0 log
1
tΛ2
QCD

1− β1 log log
1
tΛ2
QCD
β20 log
1
tΛ2
QCD

(11)
where, importantly, γ0=2β0 [11, 13] is the universal one-
loop coefficient of γ(g)=−γ0g2−γ1g4+O(g6), while γ1 is
renormalization-scheme dependent, see e.g. [11], and we
used the universal asymptotic expression for the running
coupling [11, 13] for
√
t≪ Λ−1QCD, with ΛQCD the RGI
scale of the asymptotically free theory that exists both
in the confined phase, Nf < N
c
f , and in the conformal
window, even if the latter is deconfined. Equation (3) is
the perturbative version of Eq. (11).
1. Incompatibility of the ansatz in [8] with the QCD
fundamental properties
In contrast with Eq. (9), the authors of [8] postulate
that, for Nf <N
AF
f in the conformal window, the would-
be running coupling, gwb(t) in Eq. (4), attains its would-
be IR fixed point value, g∗wb, defined by a zero of the
associated would-be beta function:
βwb(g
∗2
wb) = 0 . (12)
Thus g∗wb should necessarily be nonvanishing at a non-
trivial IR fixed point, so that:
g2wb(t) ∝ g2(µ)t2〈E(t)〉 ∼ g∗2wb 6= 0 as t→∞ . (13)
Clearly, Eqs. (12) and (13) are incompatible with Eqs. (9)
and (10) for nonvanishing γ∗. They agree only for γ∗=0,
which according to Eq. (8) can only occur at a true IR
fixed point, g∗, if a true beta function has a multiple
3zero. This happens at the upper edge, NAFf , where the
theory is IR free, hence g∗=0, but there is no reason for
it to happen at a nontrivial IR fixed point. In fact, the
vanishing of γ∗ is inconsistent with the QCD prediction
– exact for large N and Nf in perturbation theory –
of a nonvanishing and positive γ∗ = 16ǫ
2/225(1 + O(ǫ))
[14] at a nontrivial IR fixed point in a neighborhood of
NAFf =(11/2)N , with ǫ=11/2−Nf/N≪1. The vanishing
of γ∗ is also inconsistent with the absence, proved in [12],
of an UV-IR fixed-point merging at the lower edge of the
SQCD conformal window, which would imply a double
zero of a true beta function. Moreover, a nonvanishing
γ∗ is consistent with the features [12] of the exact beta
function of large-N QCD in the Veneziano limit [15–17].
In the same large-N framework, both in QCD and SQCD,
γ∗ is strictly positive for Nf <N
AF
f and increases along
the IR fixed point curve as Nf decreases towards N
c
f [12].
Thus, t2〈E(t)〉 in Eq. (9) vanishes asymptotically with a
power-law rate that increases as γ∗ increases from N
AF
f
down to N cf .
A fact relevant for lattice studies is that the IR asymp-
totics with γ∗> 0 in Eq. (9) and the UV asymptotics in
Eq. (11) imply that t2〈E(t)〉 must attain a maximum at
some finite t. This maximum is a spurious zero of βwb in
Eq. (6) that hence must occur for each Nf with γ∗>0 in
the conformal window. However, as already mentioned,
additional spurious zeroes of βwb may occur both in the
confined phase and the conformal window, thus imply-
ing that the observation of a maximum of t2〈E(t)〉, i.e.,
a spurious zero of βwb, is necessary but not sufficient
to establish that a theory is in the conformal window.
If γ∗ > 0, the asymptotic conformal scaling in Eq. (9),
or equivalently Eq. (10), is the unique physical property
whose observation is necessary and sufficient to establish
that a theory is in the conformal window by means of the
gradient-flow method.
This concludes our main argument. In Sec. I B we
derive Eqs. (5), (9) and (11). We generalize the results
to the finite volume case in Sec. I C. In Sec. II we discuss
current lattice results, in particular [1–5]. Section IIA
is a note on gauge zero modes. Sec. II B comments on
the universality class of staggered fermions. We conclude
and suggest new strategies in Sec. III.
B. RGE solution and UV/IR asymptotics
In order to understand the physics in a neighborhood
of g=0 in the UV and g= g∗ in the IR, it is convenient
to use the general solution of the Callan-Symanzik equa-
tion in the Euclidean coordinate representation for the
two-point correlator of the composite operator TrG2 in
QCD derived in [11, 13], with Nf < N
AF
f massless fla-
vors in the fundamental representation. An analogous
equation with an analogous solution will then imply the
asymptotic scaling with the flow time t of the smeared
one-point function given by 〈E(t)〉.
The renormalized two-point correlator G(2)(x) ≡
〈TrG2(x)TrG2(0)〉 at nonzero separation x 6= 0 – that
avoids contact terms and guarantees multiplicative renor-
malization – obeys the Callan-Symanzik equation [11,
13]:(
x · ∂
∂x
+ β(g)
∂
∂g
+ 2D + 2γ(g)
)
G(2) (x, µ, g(µ)) = 0,
(14)
where D=4 is the canonical dimension of TrG2 in four
spacetime dimensions and γ(g) =−∂ logZ/∂ logµ is the
anomalous dimension of TrG2. The general solution of
Eq. (14) thus reads [11, 13]:
G(2) (x, µ, g(µ)) =
1
x2D
G (g(x))Z2 (xµ, g(µ))
=
1
x2D
G (g(x)) e2
∫ g(x)
g(µ)
γ(g)
β(g)
dg
, (15)
where Z is the renormalization factor of TrG2, G (g(x))
is a RGI function of g(x), and G (g(x)) ∼ 1 [11, 13] as
g(x)→ 0, for G(2)(x) does not vanish at lowest order in
perturbation theory.
The ultraviolet universal asymptotic behavior of
Eq. (15) is then obtained using G (g(x)) ∼ 1, the one-
loop anomalous dimension, γ(g) = −γ0g2+O(g4), and
the two-loop beta function, β(g)=−β0g3−β1g5+O(g7),
leading to [11, 13]:
G(2)(x) ∼ 1
x8
(
g2(x)
g2(µ)
) γ0
β0
=
1
x8
(
g2(x)
g2(µ)
)2
∼ 1
x8

 1
β0 log
1
x2Λ2QCD

1− β1 log log
1
x2Λ2QCD
β20 log
1
x2Λ2QCD




2
(16)
where we used the universal asymptotic running coupling
[11, 13] for x≪Λ−1QCD and, importantly, γ0=2β0 [11, 13].
For a given Nf in the conformal window, the asymp-
totic infrared behavior of G(2)(x) in a neighborhood of
g=g∗ as x→∞ is obtained by expanding Eq. (15) around
g=g∗, with β(g)=γ∗(g−g∗)+O((g−g∗)2) and γ∗=β′(g∗)
according to Eq. (8):
G(2)(x) ∼ 1
x8+2γ∗
. (17)
This would also describe the scaling of G(2)(x) for an
exactly conformal theory with anomalous dimension γ∗.
We now note that, since the gradient-flow equation
does not change the renormalization properties of the
theory, and we assume multiplicative renormalizability
according to [10] for t 6= 0, we can write a Callan-
Symanzik equation analogous to Eq. (14) for the smeared
one-point function G(1)(t)≡〈E(t)〉:(√
t
∂
∂
√
t
+ β(g)
∂
∂g
+ 4+ γ(g)
)
G(1)
(√
t, µ, g(µ)
)
= 0 ,
(18)
whose general solution reads:
G(1)
(√
t, µ, g(µ)
)
=
1
t2
G (g(t))Z(
√
tµ, g(µ)) , (19)
4where G (g(t)) is a RGI function of g(t) and Z is defined
in Eq. (15), by replacing x with
√
t. The UV asymptotic
solution is then Eq. (11) and the IR asymptotic solution
is Eq. (9), in full analogy with Eq. (16) and Eq. (17),
respectively.
C. Finite volume
Eq. (4) has been generalized to the finite volume case,
specifically a Euclidean spacetime box of size L4 in [8]:
g2(µ)t2〈E(t)〉 = g2wb(t)
3(N2 − 1)
128π2
(1 + δ(c)) , (20)
which again defines a would-be running coupling, gwb(t),
that now runs with
√
8t = cL, with the dimensionless
ratio c =
√
8t/L held fixed according to [8]. The term
δ(c) in Eq. (20) contains the finite volume corrections in
the UV to the infinite volume case in Eq. (4). Differ-
ent choices of c correspond to different renormalization
schemes according to [8]. In Eq. (20) the UV limit is
taken as t→0 with L held fixed, thus c→0 and δ(c)→0.
The IR limit needs further discussion because it is taken
in lattice simulations as L→∞ with c>0 held fixed.
The definition of the would-be finite-volume running
coupling in Eq. (20) is not RGI as the infinite volume one
in Eq. (4). Moreover, it involves additional difficulties
that we summarize as follows:
1) When the IR scale L is introduced and t2〈E(t)〉 is
measured for some g(t) 6=g∗ and a fixed ratio c of
√
t
(the “UV scale”) and L (the “IR scale”), finite volume
corrections modify the Callan-Symanzik Eq. (18) in a
way that is not presently under theoretical control.
Indeed, the term δ(c) only guarantees the correct UV
asymptotic behavior in Eq. (20).
2) A smaller c, i.e., a smaller ratio of the UV/IR scales,
implies smaller finite volume corrections, allowing for
a better determination in the conformal window of
the maximum of t2〈E(t)〉 that precedes the asymp-
totic scaling in Eq. (9). However, Eq. (9) is only re-
trieved as t→∞ in the infinite volume theory, i.e.,
only after the limit L→∞ has been taken with t held
fixed, thus c→0. Current lattice studies have instead
performed the limit L→∞ with c> 0 held fixed. As
a consequence, the corresponding IR limit t→∞ still
contains finite volume corrections.
3) If γ∗ > 0 in the conformal window, a maximum of
t2〈E(t)〉 must occur at infinite volume and finite t,
thus for c=0, and its location and height also depend
on Nf . However, for c> 0, even the existence of this
maximum is unclear because of the combined effect of
renormalization-scheme dependence and finite volume
corrections that never vanish according to 2).
These features render the determination of the lower edge
of the conformal window with the gradient-flow method
rather difficult.
II. LATTICE RESULTS
In order to determine whether the Nf = 12 theory is
in the conformal window, present lattice studies and in
particular [1–5] have looked for a zero of the discrete and
finite volume version of the would-be beta function βwb in
Eq. (6), specifically, σ(s, L)=(g2wb(sL)−g2wb(L))/ log (s2),
with s>1 the size of the discrete step and gwb(sL) defined
by Eq. (20), with c>0 held fixed.
The difficulty is that, in presence of a true IR fixed
point with γ∗>0, the approach of βwb to the asymptotic
scaling in Eq. (10) is affected by nonuniversal finite vol-
ume corrections, see 1) in Sec. I C. Moreover, βwb may
develop spurious zeroes whose existence is affected by
the choice of renormalization scheme and finite volume
corrections, see 3) in Sec. I C.
As explained in 2) of Sec. I C, despite the limit L→∞
of σ(s, L) is taken in [1–5], the finite volume corrections
in σ(s, L) are not removed since c>0 is held fixed. There-
fore, σ(s, L) does not recover the infinite volume βwb.
A spurious zero of σ(s, L) may have presumably been
observed in [4, 5] for the Nf = 12 theory, being it the
maximum of t2〈E(t)〉 at infinite volume and finite t in the
conformal window, or another spurious zero at finite vol-
ume in the confined or the conformal phase, see Sec. I C.
Then, the numerical differences for σ(s, L) between [1–
3] and [4, 5] may be attributed to different choices of
the renormalization scheme due to different choices of c,
and different finite volume corrections, in a region of the
lattice parameter space that is not where the conformal
scaling in Eq. (9) and Eq. (10) sets in, if the theory is in
the conformal window.
Thus, the analysis in [1–5] cannot yet establish conclu-
sively the nature of the Nf =12 theory, see Sec. III for a
suggestion on how to improve this analysis.
A. Note on gauge zero modes
In the studies [1–5] Eq. (20) contains via δ(c) the con-
tribution of zero momentum gauge modes. It is desirable
to remove the gauge zero modes by employing twisted or
mixed Dirichlet-Neumann boundary conditions because
they enhance finite volume effects and possibly cutoff ef-
fects in two ways. First, already in the UV regime the
gauge zero modes contribute with dominant 1/L4 con-
tributions to δ(c) [8] as compared to the exponentially
suppressed contributions of the nonzero modes. Even
more importantly, they induce a modified perturbative
expansion of 〈E(t)〉 that now contains odd powers of the
coupling according to [8]. These terms are genuine finite
volume effects that vanish as c→0, but they now appear
at O(g3) instead of O(g4), thus enhanced, and even in the
UV they violate the universal asymptotics of the next-to-
leading logarithms in Eq. (11). As a consequence, they
also augment the violation of two-loop universality with
respect to the infinite volume βwb in Eq. (6).
5B. Staggered fermions
In an attempt to explain the disagreement between
[1–3] and [4, 5], it was claimed in [6, 7] that staggered
fermions are in the wrong universality class [6, 7] and,
therefore, cannot be used to study the IR fixed point in
the conformal window [6, 7], whereas they could well be
used to study the UV asymptotics of QCD [6, 7]. We ob-
serve that any deviation of the staggered fermion formu-
lation from the continuum theory is due to discretization
effects which are genuine UV effects. Thus, any state-
ment on the universality class of staggered fermions that
has been made in the context of asymptotically free and
confining QCD holds true in the infrared of the conformal
window.
The numerical differences observed in [6, 7] for Nf =
10, 12 between σ(s, L) with domain-wall fermions and
σ(s, L) with staggered fermions may be explained by our
analysis in Sec. II and may have no physical implica-
tion, nor they may indicate the failure of a specific lattice
fermion formulation.
We suggest that an additional source of numerical
difference may be that staggered fermions are massless
in [1–5] and [6, 7], whereas domain-wall fermions have
mres 6=0 in [6, 7]. Indeed, in the latter case, the observed
strong-coupling bulk transition or crossover – possibly
breaking the exact chiral symmetry of the weakly cou-
pled theory in the conformal window – is likely to affect
all measured quantities in its vicinity. Instead, a chi-
ral symmetry breaking bulk transition cannot occur in
the massless staggered fermions case, because the mass-
less limit taken at finite volume prevents from recovering
spontaneous chiral symmetry breaking at infinite volume,
due to the well known noncommutativity of the limits
m→0 and V →∞ [18, 19].
III. CONCLUSIONS
We have shown that the would-be running coupling
defined by means of the gradient-flow method applied to
TrG2 is not RGI, but carries an anomalous dimension.
Therefore, future gradient flow studies of t2〈E(t)〉 for
large-Nf QCD-like theories should first demonstrate to
be able to access the asymptotic scaling region of t2〈E(t)〉
in Eq. (9) due to its anomalous dimension, as opposed to
the would-be scaling in Eq. (13) proposed in [8]. Specif-
ically, one should reproduce the QCD prediction of the
upper edge at NAFf [12, 14], working in a neighborhood
Nf . N
AF
f , where a nonvanishing γ∗ distinguishes cru-
cially Eq. (9) from Eq. (13). After this preliminary test
of the method – essential to show that one is able to dis-
criminate between the conformal and the confined phase
– one may then proceed towards lower Nf , until N
c
f is
crossed.
Yet, the determination ofN cf with this method remains
difficult, due to a choice of renormalization scheme with
fixed c>0 that does not allow to get rid of finite volume
corrections, see Sec. I C. The elimination of gauge zero
modes may help reducing the latters, see Sec. II A.
Finally, we observe that a RGI operator that directly
probes the existence of an IR fixed point is the trace
of the energy-momentum tensor in QCD with massless
quarks, T µµ = (β(g)/g)TrG
2, which vanishes at the fixed
point because the beta function vanishes. The gradi-
ent flow t2〈T µµ (t)〉 = GT (g(t)) is a function of g(t) only,
whose beta function, −dGT /d log
√
t= β(g)dGT /dg, also
vanishes at a true IR fixed point because β(g) vanishes.
Another quantity of interest may be the two-point corre-
lator of the RGI operator g2TrGG˜, with G˜ the dual of G,
see [11, 13] for a thorough analysis of its renormalization
properties. The gradient flow t2〈T µµ (t)〉, or the n-point
correlation functions of T µµ or g
2TrGG˜ may offer an al-
ternative to t2〈E(t)〉 for lattice studies of the conformal
window, together with a mandatory study of the phase
transitions of the lattice system.
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